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Abstract
The Event Horizon Telescope (EHT) Collaboration has recently produced the first resolved images of the central
supermassive black hole in the giant elliptical galaxy M87. Here we report on tests of the consistency and accuracy
of the general relativistic radiative transfer codes used within the collaboration to model M87* and Sgr A*. We
compare and evaluate (1) deflection angles for equatorial null geodesics in a Kerr spacetime; (2) images calculated
from a series of simple, parameterized matter distributions in the Kerr metric using simplified emissivities and
absorptivities; (3) for a subset of codes, images calculated from general relativistic magnetohydrodynamics
simulations using different realistic synchrotron emissivities and absorptivities; (4) observables for the 2017
configuration of EHT, including visibility amplitudes and closure phases. The error in total flux is of order 1%
when the codes are run with production numerical parameters. The dominant source of discrepancies for small
camera distances is the location and detailed setup of the software “camera” that each code uses to produce
synthetic images. We find that when numerical parameters are suitably chosen and the camera is sufficiently far
away the images converge and that for given transfer coefficients, numerical uncertainties are unlikely to limit
parameter estimation for the current generation of EHT observations. The purpose of this paper is to describe a
verification and comparison of EHT radiative transfer codes. It is not to verify EHT models more generally.
Unified Astronomy Thesaurus concepts: Black hole physics (159); High energy astrophysics (739); Radiative
transfer (1335); Relativity (1393); General relativity (641); Relativistic disks (1388); Very long baseline
interferometry (1769); Radio astronomy (1338); Event horizons (479)
1. Introduction
The Event Horizon Telescope (EHT) is a millimeter-
wavelength, Earth-sized very long baseline interferometry
experiment that has recently imaged the shadow of the black
hole (BH) in M87* at ν;230 GHz (EHT Collaboration et al.
2019a, 2019b, 2019c, 2019d, 2019e, 2019f). The shadow is the
gravitationally lensed image of the event horizon as seen by a
distant observer. It is bounded by a ring of light emitted by hot
plasma close to the event horizon. General relativity and other
theories of gravity predict the angular size and shape of the
shadow, which depends primarily on the BH’s mass and
distance. Using independent information about the distance,
one can therefore determine the mass from a measurement of
its angular size (EHT Collaboration et al. 2019d). Other
features in the image are sensitive to astrophysical properties of
the plasma near the BH.
The emitting plasma seen in EHT observations is brightest
close to the BH (EHT Collaboration et al. 2019a, 2019b,
2019c, 2019d, 2019e, 2019f), where the deflection of light by
the BH’s gravitational field is strongest and where the speed of
the emitting plasma v is close to the speed of light c. It is
therefore required that models of EHT sources fully account for
relativistic effects—those in both the matter dynamics and
photon propagation.
Both M87* and Sgr A* accrete material at a rate significantly
below the Eddington limit, and in most models the plasma is
hot, magnetized, and turbulent (Yuan & Narayan 2014).
Therefore, the most commonly used models for EHT sources
such as Sgr A* and M87* incorporate a general relativistic
magnetohydrodynamics (GRMHD) model for the flow of
plasma close to the BH (EHT Collaboration et al. 2019f; Porth
et al. 2019). The accuracy in these GRMHD studies has been
investigated in great depth elsewhere (Porth et al. 2019). The
resulting plasma is believed to emit primarily through the
synchrotron process. Bremsstrahlung is negligible at energies
below the X-ray. The optical depth to Thomson scattering in all
models that we are aware of is small, 10−4, and scattering is
therefore neglected in what follows; see also Thompson et al.
(1994).108 After assigning emission and absorption properties
to the plasma obtained through the GRMHD simulation, one
can produce a model total intensity image by solving the
unpolarized radiative transport equations. Since there is no
general analytic solution to the relativistic radiative transport
equations, this requires a numerical solution.
107 NASA Hubble Fellowship Program, Einstein Fellow.
108 Notice that scattering can be important at wavelengths where synchrotron
emission is weak.
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The purpose of this paper is to verify that the codes used to
create model images for the EHT accurately solve the equations
of relativistic radiative transport109 within the context of plasma
models used in many previous single-fluid GRMHD simula-
tions. It is not to verify EHT models more generally.
We quantify remaining discrepancies in the images via
multiple metrics. First, we use the total flux and standard pixel-
by-pixel based mean-square error (MSE) and the dissimilarity
index (DSSIM). Second, we characterize errors in the visibility
domain, specifically visibility amplitude (VA) and closure
phase (CP), evaluated along baseline tracks relevant for
the EHT.
Radiative transport is governed by the Boltzmann equation
for photons. In sources where the light-crossing time is short
compared with other timescales, v c 1, the gravitational
potential f c 12 , and scattering is negligible, the Boltzmann
equation for unpolarized photons can be reduced to the familiar
form
( )a= -n n n n
dI
ds
j I 1
(see, e.g., Rybicki & Lightman 2004). Here s is distance along
a single ray or photon trajectory (which is a straight line), Iν is
the usual intensity (cgs units: erg cm−2 s−1 sr−1 Hz−1), which is
proportional to the photon phase space density, jν is the
emissivity (cgs units: erg cm−3 s−1 sr−1 Hz−1), and an is the
absorptivity (cgs units: cm−1). The streaming or Liouville
operator has been reduced to d/ds, and the terms on the right
are a “collision operator” that describes interactions between
photons and matter. Notice that one can solve this equation ray
by ray, that is, beams of light propagating in different directions
at a single point in space are decoupled because scattering is
assumed absent.
A relativistic radiative transport equation can be obtained
from the Boltzmann equation by expressing it in terms of
frame-independent or invariant quantities (see Mihalas &
Mihalas 1984; Rybicki & Lightman 2004 for a complete
discussion). The photon phase space density is invariant and is
proportional to nnI 3, as is nnj 2 and nan . We use the affine
parameter λ as the coordinate along a ray, with n lds d .
Then the Boltzmann equation for unpolarized photons in the
absence of scattering reduces to
⎜ ⎟ ⎜ ⎟⎛⎝
⎞
⎠
⎛
⎝
⎞
⎠
( ) ( ) ( )n
l n
na
n
= -n n n
nd I
d
j I
. 2
3
2 3
Each quantity in parentheses is invariant and can be evaluated
in any frame, although usually the transfer coefficients are
specified in the plasma frame. The transfer coefficients an nj ,
are now functions of λ. Frequency ν is frame dependent and a
function of λ as well. Evidently, Equation (2) reduces to the
nonrelativistic radiative transport equation if ν is independent
of λ.
The problem is closed by specification of the photon
trajectories. Each photon moves along a trajectory given by
( )
l
=
m
mdx
d
k , 3
where mx are the spacetime coordinates (for example, q ft r, , ,
in the usual Boyer–Lindquist coordinates for the Kerr metric)
and mk is the photon wave four vector. In addition,
( )
l
= -G
m
ab
m a bdk
d
k k , 4
where Γ is the connection, which depends on the metric. The
metric is arbitrary; no assumption needs to be made about
whether the metric is a solution to Einstein’s equations.
However, all tests presented here will adopt the Kerr metric.
The algorithms tested here typically form images as follows.
Each pixel on the image corresponds to a wavevector. The
corresponding geodesic is traced backward toward the BH,
ending either close to the horizon or when the geodesic escapes
again to a large distance from the hole. The geodesic trajectory
is recorded, and the radiative transfer equation is integrated
forward along it. The result is a final value of Stokes Iν at a
point in each pixel. The flux density in each pixel can be
estimated as » DWn nF I , where ΔΩ is the solid angle
subtended by the pixel.
This paper is organized as follows. Section 2 provides a list
and description of participating codes. Section 3 describes a
sequence of tests, which includes a test of the geodesic
integration as well as comparisons of images formed from an
analytically specified model, which allows for an exact
comparison and clear dissection of error sources. Section 5
describes results of the test set and shows good agreement
between the various codes. Section 5.4 describes results of a
more advanced and realistic comparison between two pairs of
codes on sample GRMHD-generated data. Section 6 lists the
main caveats, and Section 7 presents the conclusions.
2. Codes
Below we describe 10 general relativistic radiative transfer
codes. The first is a Mathematica code that is capable of
solving the problem to arbitrary precision and that can therefore
provide a reference solution. The remainder are (in alphabetical
order) BHOSS, GRay, GRay2, GRTRANS, IPOLE, ODYSSEY,
RAIKOU, RAPTOR, and VRT2.
Out of these, BHOSS, IPOLE, RAPTOR, and GRTRANS are
coupled to the EHT parameter estimation framework THEMIS
(Broderick et al. 2020) via a driver routine, while VRT2 and
ODYSSEY are both natively included.
2.1. Stand-Alone Mathematica Code
All ingredients in the image tests presented in Section 3 are
analytic, as opposed to being specified in terms of interpolated
quantities from a GRMHD simulation. In addition the metric
and connection are also analytic. Given analytic emissivities
and absorptivities, one can then in principle calculate the
solution exactly. Motivated by this we have written a stand-
alone Mathematica script that can solve the basic equations
to any desired precision, that is, using arbitrary precision
floating point arithmetic.
This stand-alone code is based on the formulation of
BHOSS (described below), integrating the geodesic equations
of motion and the decoupled radiative transfer equation
simultaneously. As such, the next position on the geodesic,
four-momentum, intensity, and optical depth are determined
at every integration step. The integration itself is performed
using a standard Runge–Kutta–Fehlberg scheme with
109 Note that many separate modeling efforts within the EHT do not involve
the computation of theoretical images.
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adaptive step sizing. If the error in the geodesic properties, the
intensity, or optical depth is too large, then the integration is
repeated at a smaller step size such that the error remains
within a prespecified tolerance.
Since Mathematica can perform calculations using
arbitrary precision arithmetic, one can specify the number of
digits of precision sought in a calculation. In all subsequent
calculations with the stand-alone code we demand 16 digits of
precision so that each ray’s intensity and optical depth is
accurate to double precision. We refer to results from this code
as EXACT.
2.2. BHOSS
The BHOSS code (Younsi et al. 2020) performs geodesic
integration and general-relativistic radiative transfer in arbitrary
coordinate systems and arbitrary spacetime metrics (e.g.,
Younsi et al. 2016) to machine precision using a variety of
numerical schemes. Polarized radiative transfer and nonva-
cuum GRMHD data have been developed and tested in Younsi
et al. (2020). Many accretion flow models commonly used in
the literature are included, as are many emission and absorption
coefficients using different distribution functions (and physical
assumptions in their derivation). Additional models, emission,
absorption coefficients, and so on are easily incorporated due to
the modular nature of the code. BHOSS interfaces to the output
of BHAC (Porth et al. 2017), 2D and 3D variants of HARM
(Gammie et al. 2003; Noble et al. 2009), and H-AMR (Liska
et al. 2018; Chatterjee et al. 2019) GRMHD codes.
2.3. GRay and GRay2
GRay is a massively parallel ordinary differential equation
integrator (Chan et al. 2013). It employs the stream processing
paradigm and runs on NVIDIA’s graphics processing units
(GPUs). It is designed to efficiently integrate null geodesics in
curved spacetime according to Einstein’s general theory of
relativity and efficiently solve the radiative transfer
equations. It uses the NVIDIA CUDA platform and is written
in CUDA/C. Hence, it requires NVIDIA’s GPUs. When it
was first developed (mainly in 2012 and 2013), the code
performed about 30 times faster than similar codes running on
CPUs. The code was used in an extensive image parameter
study (Chan et al. 2015a) and a time-variability study (Chan
et al. 2015b) of SgrA*.
GRAY2 is a massively parallel geodesic integrator for
performing general relativistic ray-tracing and radiative
transfer (GRRT) for accreting BHs (Chan et al. 2018). It is
based on the lux framework https://github.com/luxsrc and
uses OpenCL to achieve portable performance on a wide
range of modern hardware/accelerators such as GPUs and
Intel® Xeon Phi.
One major improvement of GRAY2 over GRAY is that,
instead of using the Boyer–Lindquist coordinates, the geodesic
equations are integrated in the Cartesian Kerr–Schild coordi-
nates. The algorithm turns out to be conceptually more
straightforward and easier to understand. Although this method
does not take advantage of symmetry of the Kerr spacetime, we
found a method to reformulate the geodesic equations so that it
outperforms Boyer–Lindquist coordinates on modern GPUs. In
addition, the coordinate singularity at the event horizon that is
present in Boyer–Lindquist coordinates is avoided.
2.4. GRTRANS
The GRTRANS code110 (Dexter 2016) solves the polarized
radiative transfer equations along rays (null geodesics) in a
Kerr spacetime. Geodesics are calculated using the GEOKERR
code (Dexter & Agol 2009). The radiative transfer equations
are integrated either numerically (Hindmarsch 2007) or with
quadrature methods (Landi Degl’Innocenti 1985; Rees et al.
1989). Both methods are used for the tests described here.
Fluid and emission models are defined in separate modules.
Examples include different forms of synchrotron emission and
fluid models ranging from semianalytic models like those used
as test problems here to postprocessing of time-dependent, 2D
and 3D GRMHD simulation data in particular from codes
based on HARM (Gammie et al. 2003; Noble et al. 2006).
2.5. IPOLE
IPOLE (Mościbrodzka & Gammie 2018) is a covariant ray-
tracing radiative transfer code capable of integrating the fully
polarized synchrotron radiative transfer problem in arbitrary
spacetime and arbitrary coordinates. The code extends the
IBOTHROS scheme (Noble et al. 2007) for unpolarized
transport. IPOLE uses a second-order null geodesic integrator,
and radiative transfer equations are solved along geodesics
using an analytic solution to the polarized transport equation
with constant transfer coefficients (Landi Degl’Innocenti 1985).
In a fiducial setup, the code operates in the Kerr–Schild metric,
but alternative metrics are straightforward to implement. The
code is interfaced with GRMHD simulations produced by a
HARM3D code, and it is parallelized with openMP. Using
simple (plasma in a slab) and complicated model problems (an
accretion disk around a Kerr BH), IPOLE produces Stokes
parameters or polarization maps that converge to those
produced by GRTRANS (see Section 2.4). IPOLE is consistent
with IBOTHROS and has additionally been checked against the
Monte Carlo GRRT scheme grmonty (Dolence et al. 2009).
IPOLE is publicly available.111
2.6. ODYSSEY
Written in CUDA (Compute Unified Device Architecture)
C/C++, ODYSSEY112 (Pu et al. 2016b) is a GPU-based,
public code for radiative transfer in curved spacetime, based on
the ray-tracing algorithm in Fuerst & Wu (2004) and the
radiative transfer formula in Younsi et al. (2012). ODYSSEY
performs radiative transfer for unpolarized thermal and
nonthermal synchrotron emission (Pu et al. 2016a). An
extension of ODYSSEY with a polarized GRRT scheme for
thermal synchrotron emission is described in Pu & Broderick
(2018).
2.7. RAIKOU (来光)
RAIKOU (来光) (see Kawashima et al. 2019 for an
application of the code), is a general relativistic ray-tracing
radiative transfer code in which the cyclo-synchrotron emis-
sion/absorption for thermal/nonthermal electrons, bremsstrah-
lung emission/absorption, and Compton/inverse-Compton
scattering are implemented. The null geodesic equations are
integrated by solving Hamilton’s canonical equations of motion
110 Publicly available at https://github.com/jadexter/grtrans.
111 Publicly available at https://github.com/moscibrodzka/ipole.
112 Publicly available at https://github.com/hungyipu/Odyssey.
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describing the time evolution of q f qr p p, , , ,r of photons in
Boyer–Lindquist coordinates. The solver performing the ray
tracing is based on an eighth-order embedded Runge–Kutta
method with the adaptive step-size control.
The radiative transfer equation for synchrotron and brems-
strahlung are then solved by tracing these null rays from the
observer to the emitter, ignoring effects due to Comptonization.
For solving the transfer equation including Compton/inverse-
Compton scattering, a Monte Carlo method is used, and here
the photons are traced from the emitter to the observer.
2.8. RAPTOR
RAPTOR113 (Bronzwaer et al. 2018) constructs synthetic
images of accreting BHs by performing time-dependent
radiative transfer along null geodesics, in arbitrary spacetimes.
The null geodesics are constructed by solving the geodesic
equation for light rays using a second-order (Verlet) or a
second- or fourth-order (Runge–Kutta) integrator. Radiative
transfer calculations are performed “backward” along the rays,
as they are constructed, for efficiency. The code is written in C
and may be compiled and executed on both CPUs and GPUs
via the OpenACC framework. It includes emission coefficients
for thermal as well as nonthermal (κ-distribution; Davelaar
et al. 2018b) synchrotron radiation. RAPTOR accepts GRMHD
output data from BHAC (Porth et al. 2017; uniform and
nonuniform [AMR] grids Davelaar et al. 2019), HARM2D, and
HARM3D (Gammie et al. 2003; Noble et al. 2009). RAPTOR is
also capable of producing full-sky images, which are used to
create virtual reality animations (Davelaar et al. 2018a).
2.9. VRT2
VRT2 is based on the plasma radiative transfer package
described in Broderick & Blandford (2003, 2004). It provides a
modular framework for adding novel plasma distributions,
radiative transfer mechanisms, and spacetime structures. In
particular, it formed the basis for the images generated in, for
example, Broderick et al. (2011) and used in the analysis of
Broderick et al. (2016).
3. Tests
3.1. Pure Ray-tracing Test
A necessary but not sufficient condition for verification of
general relativistic, radiative transfer codes is a correct
computation of photon paths in the underlying spacetime.
As a first test we consider the computation of null geodesics
in a highly spinning Kerr BH, and in particular the deflection
angles for light rays as a function of their impact parameter b.
The deflection angle can be obtained via quadrature of
standard, elliptic functions (Iyer & Hansen 2009) to arbitrary
accuracy for photons moving in the equatorial plane of the BH.
Closed-form expressions for arbitrarily inclined geodesics are
provided by Gralla & Lupsasca (2020).
3.2. Analytic Model Image Tests
We now consider a set of analytically specified models. In
order to generate an image, one must specify a spacetime and
an emissivity and absorptivity on the spacetime. Since the
emissivity and absorptivity are frame dependent, we must also
specify a four-velocity for the frame in which they are defined.
In what follows, we assume the Kerr metric and specialize to
Boyer–Lindquist coordinates t, r, θ, f. We adopt geometrical
units with = = =G c 1, so that all length and timescales are
given in terms of the BH mass M. All of the models are
assumed to be time independent.
Emissivities and absorptivities are given in the comoving
frame of the fluid. The inclination of the source with
respect to the distant observer is fixed at i=60° (relative
to polar/BH spin axis). The BH mass is fixed to
= ´ ~ ´M M6 10 cm 4 1011 6 , and the source distance
is = ´ ~d 2.4 10 cm 7.78 kpc22 .
All models can be described as follows.
The number density of the fluid is
⎜ ⎟
⎧⎨⎩
⎡
⎣⎢
⎛
⎝
⎞
⎠
⎤
⎦⎥
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where qºz h cos and n0 is a reference number density. Here h
is used to control the vertical scale height.
The angular momentum profile is
⎛
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⎞
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+l
l
R
R
1
, 6q0 1
where qºR r sin and q=0.5. The covariant fluid four-
velocity is thus
¯ ( ) ( )= -mu u l1, 0, 0, , 7
where
¯ ( ) ( )= - - +f ff -u g g l g l2 , 8tt t 2 1
so that = -m mu u 1.
The fluid emissivity is
⎛
⎝⎜
⎞
⎠⎟ ( )
n
n
=n
a-
j Cn , 9
p
where C is a constant. We set the combination =Cn0
´ - - -3 10 erg cm s18 3 1 - -sr Hz1 1. Notice that ν is expressed
in units of the pivotal frequency n = 230 GHzp . The invariant
emissivity is
( )
n
= nj
j
. 10inv 2
The absorptivity of the fluid is
⎛
⎝⎜
⎞
⎠⎟ ( )
( )
a
n
n
=n
b a- +
A C n , 11
p
where β=2.5. The source function in the tests with absorption
(tests 4 and 5) is given by ( ) ( )a n n= =n n n bS j Ap . The
absorptivity unit is cm−1. The Lorentz-invariant absorptivity
then reads as
( )a n a= n. 12inv
Finally, the dimensionless spin parameter ºa J M2, where
J is the total ADM (Arnowitt–Deser–Misner) angular momen-
tum and M is the total (ADM) mass of the BH spacetime.
The free parameters in the test are therefore aa A h l, , , , 0,
which are explicitly specified in Table 1. All rays are traced
until they are either within - M10 4 of the BH event horizon or113 Publicly available at https://github.com/tbronzwaer/raptor.
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have “escaped” the BH beyond the coordinate distance of the
camera.
To summarize, the five parameters in the standardized
imaging tests and their meaning are
1. A: controls the degree of absorption of the fluid
2. α: controls the frequency dependence of the fluid
emissivity and consequently also the absorptivity
3. h: controls the scale-height of the accretion disk and
therefore the vertical concentration of matter within the fluid
Figure 1. Results of former geodesic integration test in the equatorial plane in the Kerr geometry for eight different codes. Results are compared to an exact solution.
Remaining residuals are due to finite camera position. For reference, the results for a more distant camera position are shown from the BHOSS code. The detailed test
setup is not described here.
Table 1
List of Parameter Values Defining the Standardized Imaging Tests
Test A α h l0 a
1 0 −3 0 0 0.9
2 0 −2 0 1 0
3 0 0 10/3 1 0.9
4 105 0 10/3 1 0.9
5 106 0 100/3 1 0.9
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4. l0: specifies whether the fluid is rotating ( =l 10 ) or purely
radially infalling ( =l 00 )
5. a: sets the spin of the BH
We compare code performance on five tests.
Test 1 features a spinning BH surrounded by a nonrotating
matter distribution with no vertical structure and no absorption.
The spectral index α=−3 essentially corresponds to the
computation of the column density. In the image the
asymmetry is caused by the spacetime only.
In test 2, a nonrotating BH, surrounded by a matter
distribution with pseudo-Keplerian rotation is assumed. The
spectral index α=−2 corresponds to the Rayleigh–Jeans limit
of a thermal gas and exactly (emissivity nµ 2) compensates
Doppler beaming due to flow rotation. As a result of this
Figure 2. Images of the proposed test cases obtained with different codes (from top to bottom) BHOSS, GRTRANS, IPOLE/IBOTHROS, ODYSSEY, RAIKOU (来光),
RAPTOR, and VRT2 with the total flux Stot shown in each panel. The images have been normalized to the total flux of the exact solution. West (on the sky) is to the
right. The field of view ranges from - M15 to + M15 , where M is the gravitational radius ( =r GM cg 2). The resolution is 128×128 pixels.
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delicate balance, the image of test 2 appears spherically
symmetric in a nontrivial way.
In tests 3–5, a graybody (α=0) emission is assumed.
With fixed disk height h between tests 3 and 4, the optically
thin case (A= 0, test 3) has a larger total flux than the
case with absorption ( ¹A 0, cases 4). Tests 4 and 5
probe different levels of absorption and different disk scale
heights.
Finally, a technical point related to image production. We
found that most code authors had made different choices for
forming the image, that is, for the software camera. This
commonly led to different image scales, centering, and rotation.
Figure 3. Difference images of the proposed test cases showing differences to the exact solution in janskys after convolving with the beam for different codes (from
top to bottom) BHOSS, GRTRANS, IPOLE/IBOTHROS, ODYSSEY, RAIKOU (来光), RAPTOR, and VRT2. White represents perfect agreement, blue indicates lower,
and red indicates higher flux than the exact solution.
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In the standardized tests, we place the camera at a finite
distance, 1000M, from the BH. The camera has a field of view
of ´M M30 30 , with the BH spin axis projecting onto the up
direction in the image plane. The camera is assumed stationary
(u r=0) in Boyer–Lindquist coordinates. It is pointed so that
photons that arrive at the center of the image have zero angular
momentum ( =fk 0).
4. Methods
4.1. Image Fidelity Metrics
We compare two images adopting two image-comparison
metrics: the MSE and the DSSIM (Lu et al. 2016), which were
also used, for example, in Mizuno et al. (2018) and can be
computed as
≔
∣ ∣
∣ ∣
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Table 2
Total Fluxes for Tests 1–5 for All Participating Codes
Code Test 1 Test 2 Test 3 Test 4 Test 5
EXACT 1.6465 1.4360 0.4418 0.2710 0.0255
BHOSS 1.6466 1.4361 0.4419 0.2711 0.0256
GRTRANS 1.6606 1.4498 0.4457 0.2727 0.0257
IPOLE 1.6604 1.4486 0.4454 0.2729 0.0258
ODYSSEY 1.6466 1.4361 0.4419 0.2709 0.0254
RAIKOU 1.6617 1.4710 0.4508 0.2763 0.0260
RAPTOR 1.6609 1.4486 0.4456 0.2729 0.0258
VRT2 1.6694 1.4568 0.4480 0.2749 0.0259
Note. All fluxes are in units of janskys.
Figure 4. Equatorial trajectories of rays that come closest to the BH and still
escape, either to the left (solid curves) or to the right (dotted curves) of the BH
itself. The observer camera setup is identical to that specified in the radiative
transfer tests. For the Schwarzschild BH (a = 0, black curves, test 2), the grid
indices of the α impact parameter (not to be confused with the spectral index
used later) are 42 and 87 (out of 128), for the left and right rays, respectively.
Similarly, for the a=0.9 case (tests 1, 3, 4, and 5), the left and right grid
indices are 51 and 93, respectively. The event horizons of the BHs are denoted
by the shaded gray and blue circles with dashed edges, respectively. Overlaid
circles indicate equidistant values of the affine parameter along the ray and are
placed at λ=(990, 995, 1000, 1005, 1010, 1015) for each of the four
geodesics. Filled green circles denote λ=990 (when the ray approaches the
BH), and filled red circles denote λ=1015 (when the ray departs the BH).
Unfilled black circles denote values of λ=995, 1000, 1005, and 1010
between the green and red filled circles. See text for further discussion.
Table 3
MSE and DSSIM for Images from Tests 1–5 for All Participating Codes
Code Test MSE DSSIM
BHOSS 1 1.7011e−06 2.1887e−07
2 1.3944e−06 1.2326e−07
3 1.8660e−06 8.8399e−08
4 3.2655e−06 1.7919e−07
5 2.9300e−05 1.2812e−05
GRTRANS 1 1.8911e−04 8.2037e−04
2 1.9279e−04 5.9234e−04
3 2.0637e−04 5.9093e−04
4 1.7044e−04 4.8334e−04
5 1.7945e−04 6.5113e−04
IPOLE 1 7.4251e−05 3.3934e−04
2 7.2089e−05 2.3235e−04
3 1.0195e−04 4.1756e−04
4 8.6420e−05 3.4324e−04
5 1.6414e−04 1.4359e−03
ODYSSEY 1 2.9380e−06 7.4417e−07
2 2.3575e−06 3.8843e−07
3 4.0151e−06 4.2490e−07
4 5.5067e−06 7.4341e−07
5 5.1753e−05 3.9980e−05
RAIKOU 1 1.8079e−04 2.8168e−03
2 1.8581e−04 5.1424e−04
3 2.0885e−04 7.2374e−04
4 1.6491e−04 6.1596e−04
5 1.7901e−04 9.1854e−04
RAPTOR 1 7.1418e−05 2.6176e−04
2 7.0195e−05 2.1199e−04
3 9.5067e−05 3.3171e−04
4 8.0648e−05 2.7717e−04
5 1.5354e−04 1.2289e−03
VRT2 1 1.2048e−04 2.1074e−04
2 1.2375e−04 2.7119e−04
3 1.2981e−04 1.6993e−04
4 1.2073e−04 1.9027e−04
5 1.2318e−04 2.0244e−04
Note. No attempt was made to optimize the results of this comparison. Instead,
these results were obtained with standard choices for certain numerical
parameters (such as error tolerance, limiting distance to the horizon up to which
rays are traced, etc.) for each code. Such inhomogeneities in the comparison
can cause deviations. Therefore these numbers present only conservative
estimates for the ultimate achievable accuracy with each code.
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Figure 5. Intrinsic VAs and CPs for standardized imaging test 5 as generated from the images obtained by BHOSS and Odyssey. The blue/white/green dots show
the uv coordinates probed by an EHT 2017 configuration for Sgr A*. The color bar ranges for the differences are symmetrical logarithmic with a linear threshold set
to 0.05.
11
The Astrophysical Journal, 897:148 (21pp), 2020 July 10 Gold et al.
where ≔m å = I NI i
N
i1 , ≔ ( ) ( )s må - -= I N 1I j
N
j j
2
1
2 , ≔sIK
å -j
N
1 ( )( ) ( )m m- - -I K N 1j I j K , and Ij and Kj are the
intensities of two images at pixel j. Note that for two identical
images MSE=DSSIM=0 and SSIM=1.
5. Results
5.1. Ray-tracing Test: Deflection Angle in Kerr Geometry
In Figure 1 we summarize the results of the purely geodesic
deflection angle test in the equatorial plane of a Kerr BH
performed by eight radiative transfer codes: IPOLE, ODYS-
SEY, VRT2, GRTRANS, GRAY2, BHOSS, RAPTOR, and
RAIKOU (来光). The gray solid line shows the exact results
computed following Iyer & Hansen (2009). Good agreement of
all codes is evident. Deviations are largest very close to the
horizons where deflection angles can even exceed 2π and
sensitivity to initial data becomes exponential. The slight
discrepancy at larger radii of order 10−4 is due to the finite
starting point of the geodesics compared to the infinite distance
assumed for the exact expression. We have separately verified
that the limiting factor is the finite distance of the camera to the
source. Evidently, finite accuracy in the computations of
geodesics is not a limiting factor in model predictions.
5.2. Imaging Tests
We move on to imaging tests that in addition to ray tracing
also involve solving the radiative transfer equation along null
geodesics. Image models that are highly simplified are useful to
characterize basic image features but are ultimately limited in
their applicability to sources like M87*; see, for example,
Nalewajko et al. (2020). On the other end, GRMHD-inspired
models can have a very complex structure that complicates
interpretation and verification.
In this section we describe tests that strike a good balance
between the two former types. These tests involve several
aspects and image features that are qualitatively similar to more
realistic GRMHD-inspired models but are much simpler in
many respects. We are most interested in understanding the
results from each code for typical numerical parameters to
simulate realistic/computationally feasible conditions. This
also means that any discrepancies found here are not an
indication of the ultimate accuracy of any one code.
The results of the five standardized imaging tests, presented
in Section 4, for IPOLE/IBOTHROS, BHOSS, GRTRANS,
ODYSSEY, RAIKOU (来光), RAPTOR, and VRT2 are shown in
Figures 2 and 3. In terms of total flux the relative discrepancies
among all codes are ∼0.6% or less; see Table 2. The only
regions where images differ by eye are isolated pixels near the
light ring. A quantitative analysis reveals smaller differences.
Again as in the geodesic test in the previous subsection, the
remaining discrepancies are dominated by the finite distance of
the camera to the source and the finite field of view.
Figure 4 presents reference geodesics of rays that comprise
test 2 (black curves) and tests 1, 3, 4 and 5 (blue curves), which
differ in the BH spin, as indicated in Table 1. Horizontal and
vertical impact parameters (α and β, respectively) are as
defined in the deflection angle test. Rays that come closest to
the BH while still escaping (i.e., that comprise the shadow
boundary) come within closer proximity to the event horizon of
the BH in the a=0.9 case (blue curves).
The corresponding values for MSE and DSSIM are
summarized in Table 3. Clearly, the images from all codes
are very similar for each test according to these metrics.
However, we will see in Section 5.3, where we compare using
simulated data for each code, that such image-based metrics
can give a misleading impression of the similarity for
observational or model-fitting purposes.
In Section 5.4, we also present an analysis of tests involving
more complex image structures involving GRMHD snapshots.
5.3. Quantifying Relevance for Parameter Estimation:
Simulated Data
As a first step toward characterizing the importance or
possible limitations due to finite accuracy of radiative transfer
Table 4
Deviations from the Exact Solution Produced by the Various Codes for the
Five Standardized Image Tests as Measured by the Median Deviation of
Simulated VA and CP Data
Code Test Median (VA) (Jy) Median (CP) (deg)
BHOSS 1 5.6694e−06 1.6345e−02
2 5.7606e−06 2.0285e−02
3 6.8076e−06 2.2161e−02
4 2.0204e−06 2.9291e−02
5 3.0713e−05 2.7993e−01
GRTRANS 1 3.8645e−04 3.4847e+00
2 2.4088e−04 4.5702e−03
3 2.5688e−04 9.8301e−01
4 1.5970e−04 2.3652e+00
5 3.4818e−04 1.6285e+00
IPOLE 1 3.4597e−04 1.1569e+00
2 1.9036e−04 1.8315e−02
3 2.6388e−04 1.4334e+00
4 1.4109e−04 2.4776e+00
5 3.9559e−04 2.0832e+00
ODYSSEY 1 1.3080e−05 4.1182e−02
2 1.0429e−05 5.9483e−02
3 2.0955e−05 7.4016e−02
4 1.4011e−05 2.8735e−01
5 8.1137e−05 5.5927e−01
RAIKOU 1 8.2747e−04 1.1019e+01
2 2.3538e−04 1.5799e−02
3 2.3431e−04 1.6306e+00
4 1.3102e−04 2.4126e+00
5 2.4376e−04 2.1510e+00
RAPTOR 1 3.3082e−04 1.4639e+00
2 1.7456e−04 2.0506e−02
3 2.8488e−04 1.2109e+00
4 1.4605e−04 2.3062e+00
5 3.7217e−04 1.9362e+00
VRT2 1 2.6217e−04 7.5180e−01
2 3.6318e−04 8.9474e−03
3 3.7755e−04 1.9007e−01
4 1.7589e−04 7.7138e−01
5 2.0798e−04 8.6086e−01
Note. All VA deviations are well within observational uncertainties even on
baselines including ALMA, and CP deviations are mostly smaller than
uncertainties on CP measurements except for very few cases where they are
comparable. This indicates that for these idealized test settings, code
discrepancies are subdominant over observational uncertainties under the
assumption that we know what equations to solve.
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schemes on model fitting and parameter estimation we use the
EHT-im library (Chael et al. 2016, 2018) to simulate realistic
VA and CP data including realistic error bars for a typical set of
parameters for a Sgr A* observation with a 2017 array
configuration (results are quite similar for an M87* coverage).
We also refer to Figure 5, which shows the intrinsic VA, CP,
and their differences for BHOSS and ODYSSEY for test 5.
The near zero baseline u=v∼0 (e.g., JCMT-SMA or
ALMA-APEX) simulated data are spuriously affected by the
small field of view in the model images and have therefore
been excluded from the analysis. Note that the large-scale
structure probed by the short baselines is the regime where the
ray tracing and radiative transfer are most accurate, so omitting
these regions from the test is justified. We have tested
separately with a subset of codes that the agreement between
codes improves further when we increase the field of view (in
particular to the fields of view used in EHT Collaboration et al.
2019d, 2019f).
We also rescale the flux in all tests to 1 Jy before computing
simulated data similar to the flux levels measured in M87* and
not far away from those measured in Sgr A*.
We compute the differences in VA and CP for each code
relative to the ones obtained from the exact solution and report
the median in Table 4. The differences in VA are always much
smaller than observational uncertainties. Differences in CP can
be crudely compared to a systematic error in CP of ∼2° as was
determined for the recent M87* observation. Most codes for
most tests produce smaller errors than the observational
uncertainties, and the exceptions are more marginal.
We acknowledge that the model images used for the
standardized imaging tests are simpler than GRMHD-inspired
model images or the EHT 2017 data set of M87*. As a result
many additional contributions to the error budget in more
realistic model images are not included here. However, this
analysis nevertheless gives an indication of the error budget
under the idealized assumption that the equations solved and
prescriptions adopted are sufficient to describe the system.
Next we consider additional, more realistic image tests with
more complex structure involving GRMHD data, albeit for a
subset of codes used in the previous section.
5.4. Comparison of Images from a Full GRMHD Model
Ultimately the spatial structure and time-dependent behavior
seen in the synchrotron emission of the main science targets for
the EHT are determined by solutions to the equations of
GRMHD. Three-dimensional global simulations are of great
use in the context of interpreting EHT data (EHT Collaboration
et al. 2019d, 2019f; Porth et al. 2019). The fact that image
models are often informed by GRMHD simulations means that
they will inherit some of the uncertainties reported in Porth
et al. (2019). Here we show side-by-side code comparisons
involving such GRMHD-based radiative models. These
comparisons are substantially more challenging than the
standardized image tests due to the more complex image
structure and the true relativistic synchrotron emissivities being
nonanalytic (Leung et al. 2011).
Comparison between IPOLE and GRTRANS. The first
comparison of a more advanced test involving radiative
transfer of a 3D GRMHD simulation snapshot is based on
data obtained by the HARM3D code. Two radiative transfer
codes presented in Section 2 used on the same GRMHD
simulation snapshot, namely, GRTRANS and IBOTHROS (a
former intensity-only version of IPOLE), were used with the
same parameters and with the same synchrotron emissivity
functions. The obtained intrinsic model images are shown for
comparison in Figure 6 and give an excellent indication of how
small the differences due to finite accuracy in the radiative
transfer and ray tracing are. Figure 6 shows a model image of
the M87 jet launching point as observed at f=230 GHz. The
jet model is taken from Mościbrodzka et al. (2016) (see model
Figure 6. Model images of the BH and the jet launching point in M87 core produced by GRTRANS and IPOLE based on the same snapshot of a 3D GRMHD
simulation of an accreting BH. The model is taken from Mościbrodzka et al. (2016) (model RH100 in their Table 1).
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RH100 in their Table 1 for all model parameter details). The
viewing angle is i=20°, and the total flux at this frequency is
1 Jy.
As before for the standardized imaging test 5, we present the
intrinsic VA, CP, and their differences, but for the full
GRMHD comparison between GRTRANS and IPOLE in
Figure 7.
Comparison between RAPTOR and BHOSS. The second
comparison, between RAPTOR and BHOSS, also uses a
turbulent 3D GRMHD snapshot obtained from BHAC. Identical
synchrotron emissivities based on the relativistic Maxwell–
Jüttner distribution were employed, and all other observer
and setup parameters were fixed to be equal in both codes.
The resulting images can be seen in Figure 8; see also
Figure 7. Intrinsic VAs and CPs for the full GRMHD comparison between GRTRANS and IPOLE. The blue dots show the uv coordinates probed by an EHT 2017
configuration for M87*.
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Bronzwaer et al. (2018). Again, the differences between the
two codes are visibly small, and it was found that differences in
total flux between both images decreased with increasing image
resolution. The largest pixel-to-pixel differences were observed
in (1) regions of very low (effectively floor) density and (2)
regions very close to the event horizon, where differences in
geodesic integration and step size strategies were found to lead
to nonnegligible differences in the gravitational redshift, giving
rise to more pronounced differences in the pixel fluxes (see
Figure 6 for more details).
The chosen inclination for this test was 90°, that is, viewed
edge on along the equatorial plane. This angle was chosen to
provide the strongest test of gravitational lensing. At a
resolution of 4096×4096 pixels, the total image fluxes from
RAPTOR and BHOSS were 2.39896Jy and 2.39881Jy,
respectively, that is, a relative difference of 0.06%.
As before for the standardized imaging test 5, we present the
intrinsic VA, CP, and their differences, but for the full
GRMHD comparison between BHOSS and RAPTOR in
Figure 9.
Together with the deflection angle test, the standardized
imaging test, and the full GRMHD tests presented here, these
results suggest that all image discrepancies across all tests are
small and that the standardized imaging tests broadly capture
the main discrepant features.
5.5. Synchrotron Emissivities
We also investigated the influence of different choices for
the synchrotron emissivity on the simulated data by using
GRTRANS on the same GRMHD snapshot (but different from
the previous snapshots) using three different synchrotron
emissivities: approximate Θ-dependent emissivities (Θ is the
“pitch” angle, that is, the angle between the photon wavevector
k and the local magnetic field) using fitting functions from (1)
Mahadevan et al. (1996), (2) symphony (Pandya et al. 2016),
and (3) a Θ-averaged expression.
The result of this comparison shows that all three
synchrotron emissivities give VA data discrepancies of
´ -1.2 10 Jy3 (two Θ-dependent fitting functions) and
´ -2.7 10 Jy2 (Θ-dependent versus Θ-averaged). These differ-
ences are smaller than observational uncertainties and would
therefore be indistinguishable with an EHT 2017 configuration.
Discrepancies due to Θ-averaging can be marginal, however,
and are for this model visible in the emission size and dim side
in the image domain; see Figure 10.
For the CP data we find similarly insignificant median
deviations, 0.27°, between the two Θ-dependent emissivities,
but a large median discrepancy 11.3° between Θ-dependent
and Θ-averaged.
This analysis highlights that the usage of angle-averaged
emissivities in generating models for EHT observations is
discouraged and either full or symphony emissivities should be
used in order to avoid significant parameter estimation biases.
This aspect needs to be reevaluated in the context of a larger
variety of source models and especially polarized emissivities,
which can be more sensitive to such differences than the
intensity-only emissivities considered here.
6. Caveats
In this work we compare several radiative transfer codes on a
single standardized, albeit idealized, testing scheme. The
standardized (and stationary) imaging tests feature a much
smoother and simpler matter distribution than the real data or
more realistic models. All tests presented are limited to
unpolarized radiation. The tests are restricted to the Kerr
solution of GR. In all tests, a single thermal distribution
function for the relativistic electrons is assumed. We focus on
situations where the source is not exhibiting flares. The
measured total flux alone considerably narrows down the range
of relevant densities.The standardized (and stationary) imaging
tests use a simple prescription for the emissivity that ignore
other potentially complicating factors, known from more
realistic treatments, such as uncertainties due to interpolations
Figure 8. Results of an image comparison between BHOSS and RAPTOR featuring a full GRMHD model. The test setup is not described here.
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Figure 9. Intrinsic VAs and CPs for the full GRMHD comparison between BHOSS and RAPTOR. The blue dots show the uv coordinates probed by an EHT 2017
configuration for Sgr A*.
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from a GRMHD grid when evaluating synchrotron emissivities
as well as the nontrivial influence of magnetic field distribu-
tions and temperature profiles.
The comparisons involving GRMHD-informed images also
suffer from idealizing assumptions. The images from GRMHD
simulations used for the comparison assume the fast-light
approximation in which the GRMHD variables are held
constant on the timescales that the light ray propagates through
the plasma to the camera. We have also investigated a few
GRMHD snapshots but note that differences arising from
different snapshots or GRMHD codes are found to be
substantially larger (EHT Collaboration et al. 2019d, 2019f;
Porth et al. 2019) than the differences we find here.
Comparisons like the one shown in Figures 8 and 9 do not
include the entire budget of theoretical uncertainties. These
tests assume that the correct equations are being solved and
share a few common setup decisions that may not reflect all
possible disparity of other radiative transfer schemes. There-
fore, these comparisons, in particular the simulated data and the
resulting median deviations, must be interpreted with all these
caveats in mind. In other words, if the equations we are solving
are the correct ones, then our ability to solve these equations is
accurate enough and leads to an error that is subdominant over
uncertainties arising from observations.
We stress that in generating simulated data from the models
in this study we implicitly assume that the equations we solve
and the physical assumptions we make are both adequate and
sufficient to describe the actual physics in the astrophysical
source.
Many of our physical assumptions are fairly established.
However, one can identify open challenges with regards to the
validity of the theoretical description for what the EHT sees
and the connection to larger-scale jet structure (Chael et al.
2019; Punsly 2019; Davelaar et al. 2019). The GRMHD
simulations model the matter as a single fluid that effectively
describes the behavior of the protons. However, the electrons
are providing most of the radiation. The current state of the art
is to use phenomenological models for the electron thermo-
dynamics, which then inform GRRT codes that produce
theoretical images (EHT Collaboration et al. 2019d, 2019f).
Other open questions and work beyond the current state include
uncertain electron thermodynamics (Ressler et al. 2015, 2017;
Chael et al. 2018), radiative cooling (Dibi et al. 2012),
importance of nonthermal emission (Chael et al. 2017;
Davelaar et al. 2018b, 2019), variability, and handling highly
magnetized plasma (Porth et al. 2019) at low densities (i.e.,
nearly collisional plasmas) where the ideal MHD approx-
imation may not hold anymore, just to name a few.
Unmodeled or incorrectly modeled physics can cause
additional discrepancies and biases, which are not quantified
here. The validation process necessary to make progress in this
regard exceeds the scope of this work and will be tackled
gradually in the future. However, for reliable model fitting and
parameter estimation, the verification and comparisons of
idealized and simplified cases as considered here are necessary
conditions that are important to investigate.
Finally, we point out that the turbulent realizations in the
model images are different from those seen in observations,
and the intrinsic variability causes additional discrepancy
beyond what we analyze here. This is especially true for Sgr
A*, where the gravitational timescale is much shorter than the
duration of an observation night.
7. Conclusions
We have assessed the accuracy of radiative transfer codes
used within the EHT Collaboration via a pure ray-tracing test
involving the deflection of null rays in the strongly spinning
Kerr spacetime, via idealized imaging tests, and full GRMHD
inspired radiative transfer models that better represent the
actual application involving EHT data. This study is one of
many important investigations with the ultimate goal of
Figure 10.Model images of Sgr A* calculated with GRTRANS from a HARM GRMHD snapshot (Dexter et al. 2010). The images are convolved with a Gaussian beam
(bottom right of each image). Left panels (identical): Θ-dependent emissivity from Mahadevan et al. (1996). Middle panels: Θ-averaged emissivity (upper middle
from Mahadevan et al. 1996) and symphony Θ-dependent fitting function (lower middle). Right panels: difference maps between left and middle images.
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arriving at a quantitative error budget of theoretical image
models.
Despite the caveats mentioned in Section 6, it is expected
that the tests presented here give a meaningful first measure for
the level of accuracy in the ray-tracing and radiative transfer
calculations performed in the EHT Collaboration. The results
therefore also give a limited impression on the accuracy to be
expected in the image model library, but we want to caution
that any inference on the accuracy of the library needs more
work. The results demonstrate that discretization errors from
radiative transfer calculations are subdominant over the error
budget from GRMHD simulations (Porth et al. 2019), noise
due to intrinsic variability, and instrumental errors.
The typical discrepancy for practical parameter choices
amounts to a deviation in total flux of about 1% for typical
setups and is limited predominantly by the finite position of the
camera. We find larger differences between full, pitch angle–
dependent and angle-averaged synchrotron emissivity.
For each image of the various test cases and all participating
radiative transfer codes, we simulated a realistic EHT
observation to compute simulated VA and CP data and
compared them to the corresponding simulated data for the
exact solution. The result is a typical uncertainty within
observational uncertainties. Our results demonstrate that
provided that the physics included sufficiently captures the
observed behavior, finite accuracy due to numerical error in
typical radiative transfer–based model predictions is unlikely to
limit the scientific predictability of the EHT for 2017 and 2018
array configurations.
Outstanding questions beyond the scope of this work, but
planned for the future, include additional uncertainties such as
different interpolation methods for GRMHD quantities when
obtaining synchrotron emissivities, polarization (even for total
intensity model image predictions), dropping the fast-light
approximation, more variety in image structures from a diverse
set of GRMHD simulations, different observing frequencies
(especially 345 GHz), (related) different opacity regimes,
variability, and alternative theories of gravity.
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